Many features of dimensional reduction schemes are determined by the breaking of higher dimensional general covariance associated with the selection of a particular subset of coordinates. By investigating residual covariance we introduce lower dimensional tensors, that successfully generalize to one side Kaluza-Klein gauge fields and to the other side extrinsic curvature and torsion of embedded spaces, thus fully characterizing the geometry of dimensional reduction. We obtain general formulas for the reduction of the main tensors and operators of Riemannian geometry. In particular, we provide what is probably the maximal possible generalization of Gauss, Codazzi and Ricci equations and various other standard formulas in Kaluza-Klein and embedded spacetimes theories. After general covariance breaking, part of the residual covariance is perceived by effective lower dimensional observers as an infinite dimensional gauge group. This reduces to finite dimensions in Kaluza-Klein and other few remarkable backgrounds, all characterized by the vanishing of appropriate lower dimensional tensors.
I. INTRODUCTION
In many different situations, ranging from low to high energy physics, we are interested in -or have access toonly a part of the coordinates describing a given physical system. The problem is finding the effective dynamics that drive the interesting variables by reducing the uninteresting ones or, vice versa, given the effective dynamics of accessible variables, introducing extra coordinates that simplify the overall dynamical picture. Dimensional reduction may be induced by a number of very different mechanisms which in general leave a track in the lower dimensional dynamics. Typical examples are Kaluza-Klein and brane-world reduction in high energy physics, quantum dots/lines/surfaces in semiconductor physics, magnetic confinement in plasma physics and so on. However, there are features that only depend on the selection of the 'interesting' coordinates and not on the specific mechanism under consideration. In this paper we focus on these universal features that depend on the selection of a subset of coordinates and not on specific reduction schemes. It should be stressed, that even if in certain cases -like brane-worlds and quantum lines/surfaces-the effective lower dimensional configuration space can be identified with a regularly embedded metric submanifold, this is not the general situation. A classical example is provided by Kaluza-Klein theories where the physical spacetime is obtained by identifying higher dimensional points connected by a special class of diffeomorphisms that will eventually be identified with gauge transformations. The resulting quotient space can not be given the structure of metric submanifold. The classical theory of embeddings [1, 2] is not enough for describing the general situation. In this paper we further investigate the geometry of coordinate separation with emphasis on residual general covariance and provide a unifying framework that successfully generalizes the theory of metric submanifolds.
The paper is organized as follows. In Section II we find that dimensional reduction is completely characterized by lower dimensional tensors, generalizing, on the one hand, Kaluza-Klein gauge fields [3, 4, 5] and, on the other, extrinsic curvature and torsion -i.e. second and normal fundamental forms-of embedded spaces [1, 2] . In terms of these we obtain in Section III general reduction formulas for the Riemann tensor, Ricci tensor, scalar curvature, geodesics equations, Laplace and Dirac operators, providing what is probably the maximal possible generalization of Gauss, Codazzi, Ricci equations [6] and various other standard identities in embeddings and Kaluza-Klein theories. These equations also represent the natural starting point to investigate higher dimensional unification scenarios in which physics is allowed to fully depend on all the introduced coordinates. In Section IV special attention is given to induced gauge structures. We show how residual general covariance in the reduced variables always emerges in the effective dynamics as gauge covariance. The induced gauge group is in general infinite dimensional and reduces to finite dimensions in Kaluza-Klein and a few other remarkable backgrounds, all characterized by the vanishing of appropriate lower dimensional tensors. Finally, in Section V a discussion of the findings is presented and concluding remarks are made.
For the shake of concreteness we tackle the problem from the viewpoint of higher dimensional unification. We consider a higher dimensional (HD) spacetime M D parameterized by D continuous coordinates x I , I = 0, 1, ..., D − 1, endowed with a pseudo-Riemannian metric g IJ . In addition to the coordinate system, we set up reference frames at each spacetime point r I A (x), A = 0, 1, ..., D − 1, r I A r J B g IJ = η AB . Physical laws are assumed to be covariant under general coordinates transformations and local redefinitions of reference frames [7] x I → x ′I (x) r The original motivation for considering higher dimensional unification is the hope that HD covariance can account for lower dimensional (LD) gauge symmetries other than LD spacetime covariance. To make contact with LD physics, we split HD coordinates in two groups x I = (x µ , y i ) with µ = 0, 1, ..., d − 1, i = 1, 2, ..., c ≡ D − d. We refer to x µ and y i as external and internal coordinates, respectively. Consequently, reference frames split in four blocks r As we are willing to make no a priori hypothesis on specific reduction mechanisms, we proceed by noticing that the minimal assumption that drives us to recover the desired LD spacetime covariance is that the HD transformation group (1) is effectively broken down to
We take this as a characterization of dimensional reduction. In working out the consequences that it implies, as a check of our results and to make contact with the most important applications, we constantly specialize in appropriate subsections to 4, 5] and spacetimes embedded in a flat [16] higher dimensional space [2] . While in the former case the topology reduces to that of a direct product and in the latter the system is localized on a submanifold, in the general case the structure of the HD spacetime is more complex. In correspondence to every choice of external coordinates x µ , the internal coordinates
has to be identified with a point of the d-dimensional external spacetime M d and may posses a geometry -and even a topology-that vary from point to point. Strictly speaking, M d can not be identified with the effective spacetime before internal coordinates have been completely removed. In spite of this we will talk about LD external metric, curvature or general tensors, with the bona fide assumption that internal coordinate dependence will be eventually removed from the effective theory. Clearly, any realistic reduction mechanism will eventually involve such a removal. However we will not address this issue in this paper.
II. THE GEOMETRY OF DIMENSIONAL REDUCTION
The HD spacetime M D is endowed with standard pseudo-Riemannian geometry. 
The 
so that v µ can not be identified with an external vector, while v i ≡ v i transforms like a LD internal vector. External and internal components of a HD contravariant vector v I transform according to 
with gµν (x) a metric on M d , κij (y) a metric on Kc, K k a (y) Killing vector fields on Kc and A a µ (x) identified with the gauge potential taking values in the algebra of G KK . By assumption LK a κ = 0, equivalently (∂iK
or ∇iKaj + ∇jKai = 0. Allowed internal coordinate transformations are generated by Killing vector fields
. Because of the above identity, ∇iK i a = 0, so that T is unitary. The transformation rule (7) yields for A a µ the G KK gauge potential transformation rule, which infinitesimally takes the standard form
The corresponding curvature is related to (5) by
Embedded spacetime: The HD spacetime MD ≡ R D is reduced to a Lorentz space M d . Denoting be x µ the coordinates on M d , by tµ the associated tangent vectors and by ni(x) a smooth assignment of c orthonormal vectors, ni · nj = 0, ni ·tµ = 0, coordinates are adapted by parameterizing internal directions by the distances y i along the geodesics leaving M d with velocity ni. In adapted coordinates the flat HD metric reads
where gµν = gµν + 2II kµν y k + II kµκ II κ lν y k y l with gµν (x) = tµ · tν the induced metric and IIiµν (x) = tµ · ∂νni the extrinsic curvature (or second fundamental form) of the embedding; ηij is a (pseudo-)Euclidean metric in extra directions; Aµij(x) = ni ·∂µnj is the extrinsic torsion (or normal fundamental form) of the embedding [1] . The off-diagonal blocks of (3emb) are proportional to the Killing vectors generating (pseudo-)rotations around the point y i = 0 in the flat internal space. However, the metric is not Kaluza-Klein because of terms that make gµν explicitly dependant on y i . Allowed internal coordinate transformations correspond to the x-dependent (pseudo-)rotation ni → Λ j i (x)nj and are generated by the Killing vector fields
The associated curvature is related to (5) by
Denoting by g the HD metric determinant and by g and h the LD metric determinants, we have that g = gh.
C. Connections and Curvature Tensors
The HD covariant derivative induced by g IJ is denoted by ∇ I and acts on tensors as (10) We also denote the Ricci tensor by R IJ = R K IKJ and the scalar curvature by R = g IJ R IJ . The covariant derivative ∇ I and the associated curvature tensor R L IJK completely characterize the geometry of the HD spacetime M D . We now consider analogous quantities for the LD internal spaces M x c and external space M d .
with intrinsic connection coefficients given by
Γ K IJ = 1 2 g KL (∂ I g LJ + ∂ J g IL − ∂ L g IJ ); by definition ∇ K g IJ = 0 and ∇ K |g| 1/2 = 0. The commutator of two covariant derivatives [∇ I , ∇ J ] t ... ...K... = ... − R L IJK t ... ...L... + ... defines the intrinsic curvature tensor R L IJK = ∂ I Γ L JK − ∂ J Γ L IK − Γ H IK Γ L JH + Γ H JK Γ L IH
Internal connection and curvatures
The LD internal covariant derivative ∇ i induced by the metric tensor h ij
with internal intrinsic connection coefficients
is covariant under (2) when acting either on LD internal, external or hybrid tensors. As a consequence, new LD tensors can be generated by the action of ∇ i . The commutator (13) Internal Ricci tensor and scalar curvature are defined like in higher dimensions. The internal metric h ij and the internal volume element |h| 1/2 are parallel transported
The internal covariant derivative, however, is not compatible with the external metric structure as ∇ i g µν = 0. External indices can not be raised, lowered or contracted regardless to the position of ∇ i . To overcome the problem we extend the action of ∇ i to external indices. We define an internal total covariant derivative ∇ (14) with internal extrinsic connection coefficientsÊ
. This requirement fixes the symmetric part of the extrinsic connection toÊ i(µν) = 1 2 ∂ i g µν , living the antisymmetric part completely arbitrary. It is possible and even natural to include inÊ iµν a term proportional to the hybrid tensor f iµν . Different choices correspond to different internal extrinsic geometries. In Section III, equation (50c), we will see that the internal extrinsic connection induced by HD geometry corresponds to the choiceÊ i[µν] = 1 2 f iµν . We therefore set
Under coordinate redefinitions (2),Ê ν iµ transforms like a genuine LD hybrid tensor
The symmetric part of the internal extrinsic connection vanishes identically; the antisymmetric part reduces to the gauge curvaturê The hybrid tensorÊ iµν reduces to the gauge curvature of the external space in Kaluza-Klein backgrounds and to the extrinsic curvature -second fundamental form-of the external spacetime in embedded spacetime models. In Section III we will see thatÊ iµν enters the general equations (51) relating higher and lower dimensional curvatures in the very same way as the second fundamental form enters Gauss, Codazzi and Ricci equations. For these reasons we will also refer toÊ iµν as to the external fundamental form. The 'hat' is introduced to remind us that M d is not in general an embedded object andÊ iµν is not a fundamental form in the standard sense of embedding theory. The commutator of two total internal covariant derivatives (16) carrying two internal and two external indices. A direct computation allows to rewrite F ijµν as
External connection and curvatures
The definition of covariant differentiation along external direction is less straightforward. The derivative ∇ µ associated with the external metric g µν is not a covariant LD object. Difficulties already emerge at the scalar level. The allowed external coordinate dependence of internal coordinate redefinitions produces an inhomogeneous term in the transformation rule of partial derivatives
The problem can be resolved by adding a counter term proportional to a i µ which also transform inhomogeneously. The derivative operator
transforms like a genuine LD external vector when acting on scalars∂
On the other hand, the commutator of two hatted derivatives is no longer vanishing
Differentiation is extended to LD external tensors by introducing the generalized Christoffel symbolŝ Kaluza-Klein: In Kaluza-Klein theoriesR does not correspond with the scalar curvature R associate with the four dimensional metric gµν (x). Equation (21) yieldŝ
with gauge indices contracted with the group metric.
Embedded spacetime: The corresponding equation in embedded spacetime theories is more complicated involving, apart from the gauge field F j µνi , the external fundamental formsÊiµν. Specializing to y i = 0 we obtain
with R the intrinsic curvature associated with the metric induced on the submanifold.
The external metric g µν and the external volume element |g| 1/2 are parallel transported∇ κ g µν = 0,∇ κ |g| 1/2 = 0. On the other hand, it is not even possible to ask wether the external derivative is compatible with internal metric structures, because∇ µ is not covariant when acting on internal and hybrid tensors. Both problems can be resolved by extending the action of∇ µ to internal indices. We define the external total covariant derivative∇
where the external extrinsic connection coefficientsĈ l µk are determined by the requirement of covariance and by the compatibility condition∇
. We obtain
where
transforms like a genuine LD hybrid tensor. At any given external point E µij | x corresponds to the standard second fundamental form describing the embedding of M x c in M D . E µij generalizes the notion of second fundamental form to the whole foliation of the HD spacetime in internal spaces. For this reason we refer to E µij as the internal fundamental form. For later use we also rewrite E µij as
and note that the following identity holdŝ
Under the residual general covariance group (2) external extrinsic connection coefficients transform like a genuine GL(c) connection
Kaluza-Klein: By virtue of the identity (∂iK
The embedding of each Kc is totally geodesic [1] . The external extrinsic connection coefficients only depends on off-diagonal blocks of the metricĈ
Embedded spacetime: Since the internal metric ηij does not depend on coordinates and A µkl are antisymmetric in internal indices the embedding of internal spaces is again totally geodesic Eµij = 0 (24emb) The external extrinsic connection reduces to the normal fundamental form of the embeddinĝ
The commutator of two external total covariant derivatives yields the associated curvature forms
.. where the external extrinsic curvature tensor, carrying two external and two internal indices, is defined aŝ
With the help of (26) a straightforward computation allows to evaluateF l µνk directly in terms of f i µν and E µij asF
a formula that closely resembles (17).
Hybrid curvatures
The commutator of external and internal total covariant derivatives defines one more curvature tensor that describes the tangling of M d and M 
A direct computation allows to reexpress the hybrid curvatures in terms of the sole fundamental formsÊ iµν and E µij aŝ
Therefore, the four LD tensorsR λ µνκ , R l ijk , E µij ,Ê iµν give a complete characterization of the intrinsic and extrinsic geometry of external and internal spaces. Note that f iµν is the antisymmetric part ofÊ iµν and a i µ is related to it by (5) . It is curious that in spite of the different role played by external and internal coordinates the formalism is symmetric under their interchange. The symmetry is substantial only when f i µν ≡ 0 and M D double foliates in internal and external directions.
D. Reference Frames
Besides standard tensor calculus in holonomic coordinates, there is a second formalism that allows to successfully deal with geometrical problems: the tetrad (in four dimensions) or reference frame formalism. Among other things, it allows to clarify the role of gauge invariance for the gravitational field [9] and is indispensable to deal with general relativistic interactions of spinors. In this section we show that the reference frame formalism is also the natural language to deal with dimensional reduction problems. In the HD spacetime, we consider pseudo-orthogonal covariant and contravariant reference frames r 
with gµν = t 
E. More on Tensors
Instead of specifying HD tensors by giving their components with respect to the holonomic coordinate system, we can specify them by giving their projections on the reference frame 
which is related to (10) by contraction with reference frames,
. In LD internal and external spaces we proceed along the very same lines.
Internal connection and curvatures
On internal spaces, we define an internal total covariant derivative D (40) and
which are related to (13) and (16) by contraction with LD reference frames,
External connection and curvatures
On the external space, we define an external total covariant derivativeD 
As above∇ 
Hybrid curvatures
The commutator of total external and internal derivative yields the hybrid curvatureŝ (47) and (29) and (30) by contraction with LD reference frames and that can be rewritten in terms of the pseudoorthogonal components of fundamental forms
Nothing has really changed; the pseudo-Euclidean tensorsR αβγδ , R abcd , E γab andÊ cαβ completely characterize the geometry of dimensional reduction.
III. REDUCING GEOMETRY
We are now in position to write down general equations that relate the higher and lower dimensional geometries. In holonomic coordinates this task requires very long and tedious calculations with results that are not always transparent. Instead, within the reference frames formalism, it is almost straightforward to establish the desired relations. The formulas obtained in this section extend and unify well known identities of Kaluza-Klein and submanifold theories.
A. Connection coefficients
In the reference frames formalism, HD connection coefficients directly relate to LD intrinsic connection coefficients, fundamental forms and extrinsic connection coefficients in the following way 
Analogous equations connecting HD Christoffel symbols with LD quantities are much more complicated. By means of relations (50) it is straightforward to relate HD to LD curvatures, geodesic equations and geometric operators.
B. Riemann Curvatures: extension of Gauss, Codazzi and Ricci equations
Gauss, Codazzi and Ricci equations give relations between HD curvature and LD curvatures, second and normal fundamental forms of a submanifold and provide, at the same time, integrability conditions for a subspace to be embeddable in a HD spacetime [1] . They are important in a variety of physical applications, especially in general relativity. Recently, they have been extended to foliations and applied to the analysis of embedded spacetimes [6] . Equations of an apparently different nature relating HD curvature to LD curvatures and gauge fields are also the key ingredient of Kaluza-Klein unification schemes [3, 4, 5] . Both set of equations are special cases of the general equations relating the HD Riemann tensor R ABCD to LD Riemann tensorsR αβγδ , R abcd and fundamental forms E γab ,Ê cαβ . The symmetries of the Riemann tensor allow only six independent projections on external/internal directions.
Gauss type equations
The external components of the HD Riemann tensor are related to the external intrinsic curvature and fundamental forms by an equation which is formally identical to the Gauss equation for an embedded space
In spite of this analogy it is worth remarking that the external space M d is not an embedded object,R αβγδ is not a standard Riemannian curvature tensor andÊ cαβ has an antisymmetric part keeping truck of the gauge field f i µν . The internal components of the HD Riemann tensor are related to the internal intrinsic curvature and the fundamental forms yielding again an equation formally identical to the Gauss equation for an embedded space
This time the analogy is more than formal. For every given value x µ of the external coordinates the internal space M x c is an embedded object in M D . In this case, R abcd | x is the relative Riemann tensor and E γab | x is the second fundamental form so that (51b) correspond to a genuine Gauss equation for the embedding. 
The explicit appearance of the hybrid curvaturesĤ αbγδ and H αbcd can be eliminated by means of (31) and (32), giving the Codazzi equations in their more familiar form
The interpretation of these equations requires the same caution used for generalized Gauss equations. While (51d ′ ) are genuine Codazzi equations for the embedded spaces M x c , (51c ′ ) correspond to standard Codazzi equations only when f i µν = 0 and the external space M d reduce to an embedded object.
Ricci type equations
HD Riemann tensor components with the first two indices of one sort and the last two indices of the other, relate the LD extrinsic curvatures (27), (16) to the hybrid tensor (5), yielding a single equation
This generalizes the Ricci equation for both, the external space M d and the foliation in internal subspaces M x c . The explicit appearance of the external extrinsic curvaturê F αβcd or of the internal extrinsic curvature F cdαβ (or of both of them), can be removed by means of (28) 
Once again, a little caution in the interpretation of (51e), or (51e ′ ), or (51e ′′ ), is necessary.
The sixth equation
The remaining group of HD Riemann tensor components relates the fundamental forms to their total covariant derivatives, yielding an equation that has no equivalent in the theory of embedding (52c) components of the HD Ricci tensor. From the viewpoint of pure higher dimensional gravity these equations display the most general kind of LD matter that can be obtained in induced-matter theories [10] .
D. Scalar curvatures
The eventual contraction of equations (52) yields the identity connecting the HD scalar curvature with LD intrinsic and extrinsic curvatures, lying at the heart of Lagrangian reduction of HD Einstein gravity. We display it in standard tensor formalism
This equation generalizes well known relations holding in Kaluza-Klein and submanifold theories. Kaluza-Klein: In virtue of (15KK), (21KK) and (24KK) equation (53) reduces to
with R the standard scalar curvature associated with the four dimensional metric gµν (x). Embedded spacetime: By recalling (15emb), (21emb), (24emb) and the fact that we are considering spacetimes embedded in flat HD spacetime equation (53) By means of equations (51a)- (51f), (52) and (53) it is possible to obtain general reduction formulas for the Weyl conformal tensor, which also plays an important role in the analysis of dimensional reduction [11] .
E. Geodesic motion
Free motion in HD spacetime is described by geodesic equationsẍ HD geodesic equations split in two groups that separately transform under the residual covariance group (2) . The first group describes a no longer free motion in external directions and its coupling to internal variables through the fundamental forms, is given bÿ
The second group takes in to account internal motion and its dynamical interaction with external variableṡ where qa = Kai(y)ŷ i . The first equation describes the external motion of a particle of vector charge qa in the possibly nonAbelian gauge field F a µν . The second equation describes the rotation of the charge-vector in the group space. In the case of a one dimensional Abelian group q1 is constant in time and the first equation reduces to the classical Lorentz equation of a charged particle moving on a manifold in an electromagnetic field. Embedded spacetime: In a neighborhood of radius ǫ of a submanifold the equations (15emb), (24emb) allow to rewrite (54) in the form
54emb) where L ij = y iŷj − y jŷi is the angular momentum in internal directions and IIiµν (x) the second fundamental form of the embedding. Higher order terms in ǫ can be neglected only if some physical mechanism constrains the system in a sufficiently small neighborhood of the submanifold. As in standard Kaluza-Klein theories the first equation describes the external motion of a particle of charge 1 2 Lij in the gauge field F ij µν ; the non-trivial dependence of external metric on internal coordinates produces the extra term 2ŷ i II κ iµẋ µ making geodesics to drift away from the submanifold. The second equation describes the precession of internal angular momentum produced by the extrinsic torsion of the embedding.
Equations (54) can also be obtained from the Lagrangian
For later considerations it is also useful to write the corresponding Hamiltonian
with p µ = ∂L/∂ẋ µ , π i = ∂L/∂ẏ i the momenta conjugated to external and internal coordinates respectively. Internal momenta π i correctly transform as LD vectors, while LD external covariant momenta have to be defined asp µ ≡ p µ − a i µ π i .
F. Geometric operators
We now consider the dimensional reduction of Laplace and Dirac operators.
Laplace operator
In every local coordinate frame the HD scalar Laplace operator ∆ takes the form
∆ is Hermitian with respect to the standard scalar product constructed by means of the HD covariant measure |g| 1/2 dx = |g| 1/2 |h| 1/2 dxdy. By rewriting the operator in terms of covariant derivatives, recalling the inverse metric decomposition and the relations (50) between HD and LD connection coefficients, we obtain the most general decomposition covariant under (2)
The first righthand side term of this equation corresponds to the LD external Laplace operator
(Hermitian with respect to the external scalar product constructed by means of the LD volume element |g| 1/2 dx) with partial derivatives ∂ µ replaced by the HD Hermitian operatorŝ
The total derivative ∂ µ ln |h| 1/4 takes into account the different normalization of HD and LD states. It amounts to the rescaling ∆ ext → |h| −1/4 ∆ ext |h| 1/4 . The Hermitian internal operator a µ − i 2 ∇ i a i µ enters the expression as a gauge potential. The second righthand term of (57) corresponds to the LD internal Laplace operator
(Hermitian with respect to the internal scalar product constructed by means of the LD volume element |h| 1/2 dy) with partial derivatives ∂ i replaced by
As above, the total derivative amounts to the rescaling
, necessary to correct the different normalization of HD and LD states. The remaining terms in the righthand side of (57) are identified with a scalar potential induced by dimensional reduction. They are know to produce observable effects in low energy physics [8] . Specializing to Kaluza-Klein and embedded spacetime models we obtain: Kaluza-Klein: By recalling (3KK), (15KK), (21KK), (24KK), the fact that ∇iK i a = 0 and assuming that the external metric only depends on external coordinates, (57) reduces to the well known expression 
in a neighborhood of radius ǫ of M d (57) reduces to
where Lij = −i(yi∂j − yj∂i) are orbital angular momentum operators in internal directions.
Dirac operator
The HD Dirac operator D / acts on 2 [D/2] -dimensional Dirac fermions. In every local coordinate frame D / is written in terms of HD gamma matrices γ A , reference frames, partial derivatives, pseudo-orthogonal connection coefficients and spin pseudo-orthogonal generators 
By recalling the reference frames decomposition (33), the relation between HD and LD connection coefficients (50), suppressing -as customary-tensor product symbols and spin identity matrices, we obtain the most general LD decomposition covariant under (2)
The first righthand side term reproduces the four dimensional Dirac operator
with connection coefficients replaced by hatted ones and partial derivatives ∂ µ replaced bŷ
As in the scalar case, the total derivative hidden in the trace of the second fundamental form 
with partial derivatives replaced by 
we obtain the following expression for the Dirac operator in neighborhood of radius
with Jij = Lij + Σij the total angular momentum in internal directions.
Higher spin operators
HD higher spin operators decompose in the very same way as the sum of LD spin operators, with partial derivatives replaced by 'gauge covariant' ones and the possible addition of scalar potential terms. In particular, external partial derivatives ∂ µ are replaced bŷ
with S ab appropriate internal spin generators.
IV. GAUGE SYMMETRIES FROM HIGHER DIMENSIONAL COVARIANCE
One of the most interesting features of dimensional reduction is the possibility of geometrically inducing gauge structures in the effective LD dynamics. In this section we see that, after general covariance breaking, residual internal coordinates and reference frame transformations are always perceived by effective LD observers as gauge transformations. We also discuss conditions for the induced gauge group to be finite dimensional, providing a covariant characterization of Kaluza-Klein and other few remarkable backgrounds. Gauge fields are identified by their coupling to matter and by their transformation rules. From the point of view of classical equation of motion, a quick look to (56) shows that a i µ π i enters the Hamiltonian as a gauge potential. To make the gauge structure explicit we may rewrite the interaction term as tr(qa µ ) with q = iy j π j a suitable charge operator and a µ = −ia From the operatorial/quantum viewpoint, after adapting the state measure to the external spacetime by the scale transformation
expressions (57), (58) and (59) taken by Laplace, Dirac and higher spin operators show that
couples to effective LD degrees of freedom as a gauge potential. Under the residual covariance group A µ transforms like a gauge potential:
make a i µ and hence A µ to transform like
with
make (∂ µ ρ k a )ρ bk and hence A µ to transform like
with Λ = exp{
The commutator of two gauge covariant derivatives defines the operator
Under internal diffeomorphisms and reference frames redefinitions F µν correctly transforms like a gauge curvature
A µ and F µν are Hermitian operators -i.e. infinite dimensional matrices-acting on internal tensors/spinors. After HD covariance braking, residual internal covariance is perceived by effective LD observers as an infinite dimensional gauge group, with internal coordinate and spin playing the role of -one of the many possible choices ofgauge indices. The gauge curvature F µν receives contributions from two independent LD tensors: f i µν and E µij . In general, the two contributions are simultaneously active producing an effective infinite-dimensional gauge group. In some special backgrounds the gauge group may reduce to finite dimensions.
A. Eµij = 0: gauge structures related to the isometric structure of internal spaces Let us first consider the case where the internal fundamental form E µij vanishes identically while f i µν is arbitrary. This requirement is equivalent to the statement that the induced gauge structure is of the Kaluza-Klein type. We have already seen in Section II C 2, equations (24KK) and (24emb), that gauge structures of the KaluzaKlein type imply E µij = 0. To prove the inverse, we note that under the vanishing of the internal second fundamental form equation (26) implies that
In every internal space the vector f i µν is Killing. In principle the Killing structure of M x c can depend on the external point x. However, the fact that f i µν belongs to the Killing algebra also implies that a i µ takes values on the same algebra up to a pure gauge term. It is therefore possible to choose internal coordinates in which a i µ is Killing, ∇ i a µj + ∇ j a µi = 0. In such adapted coordinate frames equation (25) implies ∂ µ h ij = 0, that is h ij (x, y) = κ ij (y). Thus, the intrinsic geometry of internal spaces does not depend on the external spacetime point. Having the same intrinsic and extrinsic geometry, all internal spaces are isomorphic: M 
off-diagonal metric term a i µ and the antisymmetric hybrid tensor f i µν can be expanded as in (5KK) or (5emb) by
The gauge potential (60) and the gauge field (63) acting on spin-s matter take then the standard Kaluza-Klein form
abK c . The theory is still covariant under the whole residual covariance group (2) . However, a generic diffeomorphism
To keep the group structure of the background explicit it is necessary to work in adapted coordinates. This is achieved by restricting the allowed covariance group to Killing transformations, that is, by restricting attention to ξ i (x, y) = ǫ a (x)K i a (y) as standard in Kaluza-Klein theories. In arbitrary coordinate frames, Kaluza-Klein gauge structures are completely characterized by the LD covariant condition
Kaluza-Klein backgrounds, in the strict sense, further require the independence of the induced external metric on internal coordinates, a condition enforced by the vanishing of the symmetric part of the external fundamental formÊ i(µν) = 0. By contrast, with diffeomorphisms, the Killing algebra of a manifold is always finite-dimensional having dimension at most c(c + 1)/2 [12] . As a consequence, in the Kaluza-Klein context, at least two internal dimensions are necessary to produce non-Abelian gauge structures. Thus, a minimum of seven extra-dimensions is required to realize the Standard Model group U (1) × SU (2) × SU (3) [13] .
which are easily checked to close the so(2, 1) algebra
We should remark, however, that so(2, 1) is the only nonAbelian Lie algebra that can be embedded in diff (M1).
C. f i µν = 0: gauge structures related to the local freedom of choosing internal reference frames Eventually, we consider the case where the antisymmetric hybrid tensor f i µν vanishes identically while E µij is arbitrary. Under these circumstances it is always possible to choose internal coordinates in such a way that the off-diagonal block of the HD metric vanishes identically a i µ = 0. In such adapted coordinate systems the internal fundamental form reduces to the external derivative of the internal metric
The gauge potential (60) and the gauge curvature (63) acting on spin-s matter take the form of standard (pseudo-)orthogonal gauge fields, with internal spin generators S ab playing the role of gauge algebra generators
We see that LD gauge structures can be induced even when the off-diagonal block of the HD metric vanishes identically, but they only act on matter carrying spin. As in the previous cases, the theory is still covariant under the whole residual covariance group. The gauge structure emerges explicitly only when adapted coordinates are introduced and the covariance group is restricted to (pseudo-)rotations of internal reference frames. In generic coordinate systems the background is fully characterized by the LD covariant condition
Under these circumstances a minimum of three internal dimensions is required to generate non-Abelian gauge structures, while ten extra dimensions naturally provide the background for SO(10) grand unification [14] . Internal gauge indices like isospin and color can be nicely understood as internal spin indices and a complete matter unification can be achieved in terms of a single fourteendimensional spinor [15] .
V. DISCUSSION AND CONCLUSION
The selection of a subset of coordinates -with the relative general covariance breaking-does not imply in itself neither the selection of a reduced space nor a dimensional reduction procedure. However, it determines the geometrical features of all reduction schemes leading to that subset of coordinates as residual coordinates. By investigating invariant/covariant quantities under the residual transformation group we constructed LD tensors that fully characterize the geometry of the coordinate choice and hence of the associated dimensional reduction schemes. These allow to see in the same light reduction procedures that seems otherwise totally unrelated, like Kaluza-Klein models -where the system is totally delocalized in internal directions-and embedded spacetimes -where, on the contrary, the system gets localized at an internal space point. Most of the formulas of KaluzaKlein and embedded spacetime theories do not depend on the averaging procedure employed, but only on the geometry of the coordinate choice. In this paper we presented general formulas for the reduction of the main tensors and operators of Riemannian geometry. In particular, the reduction of the HD Riemann tensor provides what is probably the maximal possible generalization of Gauss, Codazzi and Ricci equations. Our work also sheds some new light on the nature of geometrically induced gauge structures, tracing their origin to residual general covariance in internal directions.
We conclude by remarking that -from the separation of radial and angular coordinates in the two-body problem to the latest theories of everything-adapting, selecting an appropriate subset and exactly or effectively separating coordinates is such a basic procedure in solving physical problems, that it is unthinkable to compile even a partial list of the papers where particular adapted/reduced expressions of geometric tensors, equations and operators have been obtained. Our hope is that the formulas presented in this paper may be of help and save some tedious computational work to all researcher working on some adapting coordinates problem.
